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Abstract
Big Bang Nucleosynthesis theory together with Hubble expansion
law, Cosmic Microwave Background and Large-Scale structure
formation constitute the basis of experimental confirmations of
the Standard Cosmology. Primordial nucleosynthesis observables
are very sensitive to the details of particle physics at the time of
formation of the first nuclei. We analyze the influence of the
heavy sterile neutrinos on the primordial plasma and abundances
of light chemical elements (H, He, Li incl. isotopes) using the
numerical simulations of non-equilibrium particle dynamics in
the expanding Universe. Next, demanding the computed
abundances to be consistent with modern measurements, we can
limit the mass-lifetime parameter space of sterile neutrinos. The
obtained constraints will complement the experimental
constraints from direct accelerator searches, including currently
planned experiments. We apply this approach to the Neutrino
Minimal Standard Model that aims to explain simultaneously 3
Beyond the Standard Model problems: dark matter, neutrino
oscillations and baryon asymmetry of the Universe.
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Chapter1
Introduction
Standard Model is a very successful model of fundamental particles and
interactions that proved to be capable of giving falsifiable predictions and
even foreseeing new particles discovered later at the particle accelerators.
Comparison of theoretical estimates with experimental observations un-
veils extremely high precision of the Standard Model.
However, it is well known that SM is missing ingredients, especially
in conjunction with cosmology. Those missing ingredients are referred to
as the ”Physics beyond the Standard Model” (BSM physics) and the most
prominent are dark matter, neutrino masses and oscillations, and baryon
asymmetry of the Universe.
Naturally, there are many other problems referred as BSM physics, but
frequently their status is debatable. For example, dark energy is a strong
candidate, but there is no observational inconsistency, because accelerated
expansion of the Universe can be fully explained by Λ-term in Einstein’s
equation. So, although this mechanism can be highly unsatisfactory from
theoretical point of view, as of today, there is no compelling evidence that
this is not the right answer.
Dark matter. Several tracers of gravitational field in astrophysical ob-
jects (such as observations of star motion in galaxies, emissions from hot
ionized gas in galaxy clusters and gravitational lensing) demonstrate that
the dynamics of galaxies and galaxy clusters cannot be explained by visi-
ble matter only. Additionally, it is known from cosmological surveys that
the structure formation began much earlier than the visible matter began
to cluster. Existence of ”dark” matter, not interacting with light, is the
simplest solution to these problems. Despite the compelling evidence in
favor of it, Standard Model does not contain any dark matter candidate
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that would satisfy all bounds at the same time.
Neutrino masses and oscillations. Both astronomical and accelerator ex-
periments show that Standard Model neutrinos oscillate between flavors
while propagating and are, in fact, massive. By construction of the Stan-
dard Model, neutrinos are massless and leptonic numbers of each neutrino
generation are conserved.
Baryon asymmetry of the Universe. To produce the observed density
of baryonic matter, there should have been an intrinsic bias in generation
of baryons and anti-baryons (that was described by Andrei Sakharov in
1967, [1]). Although, in principle Standard Model is capable of baryogen-
esis when the electroweak transition in the Early Universe is a first-order
transition, studies indicate that it is not the case.
1.1 Motivation
In this work we are considering a family of extensions to the Standard
Model – models of sterile neutrinos.
While introducing new physics, we have to be sure that it does not
spoil or even enhances the agreement with observations. Due to the ”ster-
ile” nature of considered particles, it is hard to detect them directly on
accelerators and cosmological and astrophysical bounds can complement
the existing constraints. And, of course, it is reasonable to exhaust all the
theoretical tools at hand before starting extensive experimental searches.
Primordial nucleosynthesis is an important instrument for constrain-
ing such extensions, because its observables are sensitive to the particle
physics dynamics in the primordial plasma at the temperatures in the keV-
MeV range. Additionally, recent studies present some evidence in favor of
non-standard nucleosynthesis ([2]).
We focused on investigation of the influence of heavy sterile neutri-
nos on generation of the primordial chemical elements in the Early Uni-
verse and constraining their parameter space to be consistent with mea-
surements.
2
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Chapter2
Primordial nucleosynthesis
Primordial or Big Bang Nucleosynthesis (BBN) is a process of generation
of the light chemical elements during the early phases of the Universe ex-
pansion. The theory of BBN covers the generation of the nuclei from 1 H
up to 7 Li and 7 Be, presenting a consistent with observations view on this
topic.
In this section we provide a short overview of the Standard Big Bang
Nucleosynthesis and suggest the ways how it can be modified by addi-
tional particle species in the plasma.
2.1 Observables
As primordial nucleosynthesis took place much earlier than recombina-
tion, no direct measurements can be done using the telescopes. But, at the
same time, standard cosmology allows us to trace some of the important
values back to the times of nuclei formation.
Baryon-to-photon ratio
The overall amount of baryons in the Universe is fixed by the baryon-
to-photon ratio measured from the cosmic microwave background ([3, 4]).
The current best-fit value is 6.1 · 10−10, implying that for each baryon there
was about a billion photons at the moment of recombination. Baryon-to-
photon ratio has not evolved significantly since that time, but its prior
history depends on the transitions in the primordial plasma.
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Primordial abundances of elements
Using emission/absorption spectra of hot gas clouds and distant quasars,
it is possible to determine the relative abundances of the chemical ele-
ments in the space. To account for the possible post-BBN evolution, mea-
surements are taken in the low-metalicity regions, where most probably
no star nucleosynthesis happened.
2.2 Standard Big Bang Nucleosynthesis
The theory of Big Bang Nucleosynthesis was developed by George Gamow
and collaborators in 1940s ([5, 6]). At that time Big Bang theory was not
popular among the scientists and only the subsequent accidental discov-
ery by Arno Penzias and Robert Woodrow Wilson in 1965 of the Cosmic
Microwave Background predicted by Gamow presented significant evi-
dence in favor of this idea.
Stellar nucleosynthesis theory was not established either, leaving room
for speculation over the chemical elements origins and observed abun-
dances.
2.2.1 Attempts to build equilibrium theory
Assumption of the thermal equilibrium during the nucleosynthesis meets
difficulties when confronted with observations. From this point of view,
abundances of the chemical elements represent some equilibrium state in
the Early Universe, defined by the binding energies of the nuclei. One
of the notable attempts to build a theory of nucleosynthesis belongs to
Chandrasekhar and Henrich (1942, [7]). They fitted the thermodynamical
parameters of such state using the relative abundances of isotopes of the
chemical elements. But, ultimately, their fitted parameters differ from el-
ement to element and scientists suggested that nucleosynthesis happened
in multiple stages (one for heavier nuclei at higher temperatures and one
later for the light ones).
2.2.2 Non-equilibrium theory
To demonstrate that assumption of the thermodynamical equilibrium is
not applicable to the primordial nucleosynthesis, Gamow and collabora-
tors ([5]) considered the environment required for the generation of nuclei.
4
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2.2 Standard Big Bang Nucleosynthesis 5
Figure 2.1: Comparison of observed abundances of elements and theoretical pre-
diction taken from [6]
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Production of chemical elements like 4 He or T from primordial pro-
tons and neutrons starts by production of Deuterium (see figure 2.3 for the
network of nuclear reactions during BBN) – the simplest kind of nucleus
formed by proton and neutron. Necessity of Deuterium generation limits
the maximum temperature of nucleosynthesis, because at higher temper-
atures the mean photon energy (〈Eγ〉 ≈ 3Tγ) would exceed the binding
energy of Deuterium (ED = 2.22 MeV) and any produced nuclei would be
immediately dissociated.
TBBN . Tmax =
ED
3
= 0.74 MeV (2.1)
In the following, will show that already at these temperatures the as-
sumption of thermodynamical equilibrium does not hold for weak inter-
actions and parts of the plasma, including neutrons, begin to freeze-out.
This significantly affects the initial conditions for the nucleosynthesis – es-
pecially, the relative number of neutrons to protons that defines the maxi-
mal possible amount of nuclei other than 1H.
Decoupling of weak interactions
Weak interactions decouple from thermodynamical equilibrium when the
Hubble expansion rate exceeds the weak interaction rate and correspond-
ing reaction effectively cease to happen:
Γ ∼ H
Electromagnetic interaction rate is much higher than that of the weak
interaction, so charged particles and photons still remain in equilibrium,
when neutrinos and neutrons have already frozen out.
For example, for neutrinos by dimensional considerations
Γ ≈ G2FT5 ∼
1.66
√
g∗T2
Mpl
= H
where g∗ = ∑bosons gi
(
Ti
T
)4
+ 78 ∑ f ermions gi
(
Ti
T
)4
is a effective number
of relativistic degrees of freedom in the plasma.
This corresponds to the decoupling temperature of Tν ≈ 1.5 MeV. The
computation for neutrons is more complicated, but results in a slightly
lower temperature Tn ≈ 0.7 MeV.
Right after decoupling, neutrinos preserve thermodynamical distribu-
tion, but can obtain non-equilibrium corrections from transitions in the
6
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plasma or interactions with other non-equilibrium species due to the fact
that the matrix elements of Fermi interaction depend on energy and more
energetic particles freeze out later.
Neutron-to-proton ratio
While neutrinos just stop to interact with the plasma and stay in the Uni-
verse in a form of Cosmic Neutrino Background similar to CMB, neutrons
are also unstable. At the temperatures of interest, main processes for the
neutrons are:
e+ + n→ p + ν (2.2)
n→ p + ν+ e− (2.3)
Although after the freeze-out neutrons do not interact with other par-
ticle species, their radioactive decay continues. This results in evolution of
the relative number of protons and neutrons that controls the total amount
non-H nuclei in the Universe (figure 2.2).
In thermodynamical equilibrium, the neutron-to-proton ratio depends
only on the mass difference:
nn
np
≈ e−∆mTn (2.4)
For the mentioned neutron decoupling temperature, nnnp ≈ 0.158 ≈ 16 .
This ratio will evolve with time as decoupled neutrons decay:
nn
np
(t) ≈ e−∆mTn e− tτn (2.5)
Deuterium bottleneck
n + p↔ D + γ (2.6)
The bounding energy of the deuterium nucleus is ∆D ∼ 2.2MeV is
the minimal energy requirement for deuterium generation. However, due
to extremely small baryon-to-photon ratio, the are plenty high-energetic
photons that drive the inverse reaction.
The number of photons with p > ∆D is given by:
nγ(E > ∆D) =
1
pi2
∫ ∞
∆D
p2dp
e
p
T − 1
=
T3
pi2
∫ ∞
∆D/T
x2dx
ex − 1 (2.7)
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Figure 2.2: Evolution of the neutron-to-proton ration during the BBN, taken from
[8]
As the first approximation, for efficient deuterium generation to begin,
this value has to be comparable with nB
nγ(E > ∆D) ∼ nB = nγη ≈ 0.244T3 · η (2.8)
Solution of this equation gives the temperature around TD ≈ 80 keV
for the modern best-fit value of η = 6.1 · 10−10. This means that before the
beginning of nucleosynthesis, neutrons had around 140 seconds to decay:
nn
np
(140 sec) ≈ e−∆mTn e− tτn ≈ 1
6
e−140/886 ≈ 1
7
(2.9)
Nucleosynthesis
Nuclear reactions of BBN (figure 2.3) are generally directed to the gener-
ation of Helium-4. To high precision all neutrons end up in the helium
nuclei and only trace amounts of other nuclei are present.
This gives us an estimate for the maximum amount of Helium-4 (Y)
produced in the primordial nucleosynthesis:
Y =
2nnnp
1+ nnnp
≈ 25% (2.10)
8
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Figure 2.3: Nuclear reactions framework of Big Bang Nucleosynthesis
Estimates of abundances of other elements can be obtained too, by the
numerical codes that solve the set of kinetic equations governing nuclear
reactions.
Only few nuclei are produced during the BBN: p, D, T, 3 He, 4 He, 7 Li
and 7 Be. This is related to the fact that the densities in the Early Universe
are insufficient for 3-particle processes and there are no stable nuclei with
atomic masses of 5 and 8 (figure 2.4).
The nucleosynthesis ends when the temperature and expansion of the
Universe can no longer support nuclear reactions and all primordial neu-
trons either decay into protons or are being absorbed into some nucleus.
Post-nucleosynthesis evolution
For the deep review of post-BBN evolution of the chemical elements, we
refer to [8]. Here we would like only to point at few facts regarding the
evolution of D and 4He.
In case of Helium, observed abundance was boosted by stellar nucle-
osynthesis above the primordial level Y > YBBN and only in some regions
can approach Y → YBBN. For Deuterium, on the contrary, there are no
known post-BBN sources, meaning that the observed abundance is the
constraint from below on the actual BBN value. Low binding energy of
Version of July 31, 2015– Created July 31, 2015 - 17:39
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Figure 2.4: Stability chart of chemical nuclei. Red dashed lines correspond to
A = N + Z = 5 and 8, where no stable nuclei exist.
D makes it easy to destroy this nucleus in stars or process it into heavier
elements.
10
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2.2.3 Comparison with observations
Figure 2.5: Observed abundances (horizontal bands), WMAP measurement of
baryon-to-photon ratio (vertical band) and theoretical predictions (lines) con-
fronted; taken from [9]
The multiple predictions of Standard Big Bang Nucleosythesis are in re-
markable agreement with the measured abundances of the elements. How-
ever, there is some evidence for deviations from this scenario (see e.g.,
[2, 9]).
2.3 What can influence the nucleosynthesis?
In thermodynamical equilibrium observables in the Early Universe follow
the Markov evolution – the future state of the system is determined only
by the current state. On the other hand, in case of non-equilibrium, the
system is capable of recording its history.
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In particular, for the Standard BBN theory we assume that all the rele-
vant constituents of the plasma are equilibrated at the temperatures above
few MeV (influence of possible non-equilibrium particles is held to be neg-
ligible). This means that any particles existing before but vanished by the
time of weak interactions decoupling, cannot influence BBN predictions.
The basic analogy to keep in mind comes from the electron-positron
annihilation at T ∼ me, that changes the expansion rate of the Universe
and the number of relativistic degrees of freedom, but can be mimicked
in the later moments by the initial conditions of some different radiation-
dominated physics where these particles never existed.
This creates a constraint on the non-stable non-equilibrium particles
that might influence the BBN: their lifetime has to be at most a couple of
orders of magnitude less then the time of first particle species decoupling
(namely, neutrinos at T ∼ 1MeV). As BBN itself is not sensitive to the his-
tory of expansion before this moment, it in principle can be freely shifted
in time. The particular mapping of the expansion rate and the temperature
to some time axis is fixed by the particle physics model being studied.
Rough estimate for the non-equilibrium decaying particles:
τ & 0.01sec (2.11)
Models satisfying this estimate might influence the BBN either by chang-
ing the expansion law of the Universe or by adding corrections to the spec-
tra of decoupled species that can affect the balance of some interactions
(this is especially important for the reactions between n, p, e and νe).
12
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Sterile neutrinos
3.1 Motivation
Sterile neutrinos models are extensions of the Standard Model with ad-
ditional right-chiral neutrino-like fermions that are singlets with respect
to the SM gauge groups (hence the name ”sterile”). These particles cou-
ple only to the SM neutrinos (”active” ones) and, in case of sufficiently
small coupling, their detection in the ground experiments becomes diffi-
cult while they still can play significant role in the Early Universe (for the
substantial overview, refer to [10]).
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Figure 3.1: Example of sterile neutrinos model – Neutrino Minimal Standard
Model with 1 light and 2 heavier sterile neutrinos
3.2 Models
We are interested in constraining the arbitrary sterile neutrino model, which
is defined by the See-Saw Lagrangian:
L = LSM + iN¯I∂µγµNI −
(
FαI L¯αNI φ˜− MI2 N¯
c
I NI + h.c.
)
(3.1)
Where FαI are Yukawa couplings, Lα are left-handed leptonic doublets
of the SM, φ is a Higgs doublet (φ˜j = i(τ2)kjφ
∗
k ). NI are right-handed Majo-
rana fermionic singlets corresponding to sterile neutrinos.
Number of sterile neutrinos
We are free to consider an arbitrary number of sterile neutrinos species,
but the most interest comprises the case of 1 light sterile neutrino with
negligible in the context of the BBN coupling constant and 2 heavy almost
degenerate in mass sterile neutrinos. The first specie being stable on the
timescale of the BBN won’t affect the observables, but heavier particles
with higher interaction rates might influence the nucleosynthesis.
14
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Coupling constants
There are 3 mixing angles corresponding to each sterile neutrino specie.
The lifetime of the particle depends on them in a non-trivial way, but for
any given set of mixing angles it is possible to derive the mass range in
which this particular realization of the sterile neutrino will survive until
the BBN. Particular ratios between the coupling constants can be deter-
mined from neutrino oscillations experiments, while cosmology is mostly
sensitive to the absolute value.
Typical decay width and lifetime are shown at the figure 3.2.
Figure 3.2: Sterile neutrino decay width and lifetime corresponding to the best-fit
oscillation parameters
By allowing the variation of normalization of mixing angles, one can
determine the models affecting BBN predictions. From the figure 3.3, one
can roughly infer that sterile neutrinos models below the 0.01 contour will
survive till the times of BBN and might affect the observables.
Of course, this is just a single projection of the multidimensional pa-
rameter space, but it is a useful one to compare with oscillation experi-
ments.
3.3 Neutrino Minimal Standard Model
νMSM model ([11, 12]) is a special choice of the parameters of the see-
saw Lagrangian above that can explain all three mentioned BSM problems:
dark matter, baryon asymmetry and neutrino masses/oscillations. Impor-
tantly, this model provides falsifiable predictions that can be checked us-
ing the existing experimental techniques. Currently, some astronomical
experiments are already collecting the data possibly related to the dark
matter candidate (see [13–15]) and ground experiments designed to find
heavy predicted particles are being planned ([16, 17]).
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Figure 3.3: Sample lifetime contours (in seconds) for the sterile neutrino with the
mixing pattern corresponding to the best-fit oscillations parameters
Usually, νMSM contains 3 sterile neutrinos: 1 light (∼ keV) long-lived
and 2 heavier (& 100 MeV) sterile neutrinos. The first one is a dark matter
candidate that is irrelevant to the discussion of BBN, while the other 2 are
the particles responsible for the neutrino masses and baryogenesis in this
model.
Our work is mostly oriented towards this model, but the method is
applicable to an arbitrary sterile neutrinos model as well.
3.4 Implications for BBN
As sterile neutrinos are singlets of Standard Model’s gauge group, the can-
not directly influence the nuclear reactions. But they, being massive, de-
coupled and unstable, can significantly change the evolution of neutrons,
neutrinos and the whole plasma.
One effect is the increased expansion rate of the Universe, that shifts
the timings of the theory of SBBN or can be straight up inconsistent with
the modern cosmological observations of the effective number of neutri-
nos.
Additionally, decay products of the sterile neutrinos can heat up the
plasma or influence the balance of the neutron-proton reaction. Neutron-
to-proton ratio is exponentially sensitive to the inverse neutron decou-
pling temperature: for example, shift from 0.7 MeV by±0.1 MeV results in
the change of Helium prediction by ±(5− 8)%. There might be also other
16
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unpredictable effects on the nuclear reactions framework, as the presence
of significant energy density of unstable massive particles makes simple
parametrizations of deviations from standard scenario (like Ne f f varying
by a constant) unapplicable.
3.5 Evolution
Let’s consider evolution of sterile neutrinos in the Early Universe and dis-
cuss in some detail effects that might be important for our discussion of
the nucleosynthesis.
3.5.1 Generation and decoupling
Heavy sterile neutrinos (N1,2) are produced thermally at the temperatures
& 102MeV (vaguely, depending on the mixing angle and the mass). Influ-
ence on the universe expansion at the later stages depends on the regime
in which sterile neutrinos decouple from the plasma.
Mixing angle temperature dependence
The medium can modify sterile neutrino interactions with primordial plasma.
A simple example of medium effects is the Miheev-Smirnov-Wolfenstein
(MSW) effect, discussed in the theory of solar neutrinos oscillations. This
effect describes the influence of the solar e−-e+ plasma on the propagation
of neutrinos.
This effect is present for sterile neutrinos too, but it is prominent only
in highly asymmetric medium like the Sun. A more general result for
medium effects for sterile neutrino mixing can be obtained [10]:
|θ0|2 → |θ(T)|2 u |θ0|
2(
1+ 2pM2 (b(p, T)± c(T))
)2
+ |θ0|2
(3.2)
b(p, T) =
16G2F
piαW
p(2+ cos2 θW)
7pi2T4
360
(3.3)
c(T) = 3
√
2GF(1+ sin2 θW)(nνe − nνe) (3.4)
We assume no significant lepton asymmetry in the Early Universe, so
the main contribution comes from the b function.
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Figure 3.4: Ratio of the temperature-dependent mixing angle θ(T) in the medium
to the vacuum mixing angle θ0
From plots in the figure 3.4 we can see that temperature corrections
become significant only at temperatures of the order of couple GeVs, so as
long as sterile neutrinos decouple at later times, we can assume the mixing
angles equal to the vacuum ones.
Decoupling temperature and regime
Decoupling happens when the interaction rate of the equilibrium-supporting
reactions drops below the Hubble expansion rate. In the radiation-dominated
epoch, Hubble rate can be conveniently approximated:
H ≈ T
2
M∗
Typical rate for 2-to-2 interaction for some particles N and ν with the
coupling constant g is of the form
ΓN = 〈σnνv〉
where σ is the cross-section of the reaction ∝ g2, and v is the relative
velocity.
The coupling constant for sterile neutrinos is GF|θ|, so cross-section
from dimensional considerations looks like
σ ∼ [E]−2 = G2F|θ|2 · [E]2
Considered reaction contains few kinematic parameters: invariant mass
and scattering angles. The total cross-section does not depend on the an-
gle, so σ = σ(s).
18
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a |θ| ≈ 10−4 b |θ| ≈ 10−2
Figure 3.5: Regime of decoupled sterile neutrinos depending on order of the mix-
ing angle value and mass
{
s ∼ m2 + 6mT for non-relativistic N
s ∼ T2 for ultra-relativistic
Then {
ΓN ∼ G2F|θ|2T3(m2 + 6mT) for non-relativistic N
ΓN ∼ G2F|θ|2T5 for ultra-relativistic
Decoupling happens when
ΓN ∼ T
2
M∗
This gives us corresponding decoupling temperatures for sterile neu-
trinos:
{
T−1 ∼ G2F|θ|2M∗m2 for non-relativistic N and (m T)
T−1 ∼ (G2F|θ|2M∗)
1
3 for ultra-relativistic
The decoupling regime defines the number density of the sterile neu-
trinos and their direct influence on the expansion rate of the Universe.
Using the analysis above, we assume no significant thermal corrections
for the mixing angles and, for given mass and temperature, can find the
decoupling regime (figure 3.5).
The plotted regions correspond to non-equilibrium species in different
regimes. In practice, as the temperature drops, when particle with given
mass enters any of the regions - it decouples in the corresponding regime.
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For the sakes of certainty, the ”intermediate” regime corresponds to the
particle specie with 15 T < m < 5T.
Analysis of the decoupling regimes for the mass range of below the
Kaon mass shows that for θ . 10−4 decoupling regime is rather relativis-
tic, while for bigger values it is possible to get a fully non-relativistic de-
coupling.
3.5.2 Streaming and decay
Right after sterile neutrinos had decoupled from the plasma, their distri-
bution is very close to the equilibrium one. At this time sterile neutrinos
effectively do not scatter with the equilibrated plasma but they do decay.
Lorentz modification of the decay rate of sterile neutrino
The decay rates in the reference frame of the particle that can be computed
from the interaction parameters can be easily confused with the actual de-
cay rate of the particles in the plasma. Due to Lorentz time dilation parti-
cles with non-zero momenta have a slightly different decay width.
Let’s estimate this effect using the Boltzmann equation:
d fN
dt
= −(3H + Γ˜N(p)) fN (3.5)
Γ˜N(p) =
ΓN
γ
=
√
1− v2ΓN =
√
1−
( p
E
)2
ΓN =
m
E
ΓN (3.6)
The decay width here is modified by the γ-factor of the particle, which
can significantly prolong the lifetime of relativistic species. In the non-
relativistic regime the Boltzmann equation on the number density will
look like:
dnN
dt
= −(3H + ΓN)nN (3.7)
But in relativistic regime it is modified:
dnN
dt
= −
(
3H + ΓN
〈m
E
〉
nN
)
nN (3.8)
where angular brackets denote the averaging over the distribution func-
tion of the specie.
20
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Figure 3.6: Modification of the decay rate of the relativistic sterile neutrino due to
non-zero temperature
The value of the ratio 〈
m
E 〉
nN
defines, how much the decay law differs
from the exponential radioactive decay law e−Γt. Its behavior with tem-
perature is shown on figure 3.6.
Heating of the plasma by sterile neutrino decays
Decay products of sterile neutrinos function as a heating system of the
plasma. This effect can be seen from the energy conservation law. For
simplicity, let’s consider a system consisting only of photons and non-
relativistic sterile neutrinos:
ρ˙+ 3H(ρ+ p) = 0 (3.9)
ργ =
2pi2
30
T4 pγ =
1
3
ργ ρ˙γ = 4ργ
T˙
T
(3.10)
ρN = mnN pN = 0 (3.11)
ρ˙+ 3H(ρ+ p) = ρ˙γ + ˙ρN + 3H(
4
3
ργ + mnN) = 0 (3.12)
4ργ
T˙
T
− (3H + ΓN)mnN + 3H(43ργ + mnN) = 0 (3.13)
4ργ
T˙
T
− ΓNmnN + 4Hργ = 0 (3.14)
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Figure 3.7: Relative distortion of the Hubble rate by the decaying non-relativistic
sterile neutrinos
T˙
T
=
1
4
ΓN
ρN
ργ
− H (3.15)
This effect can be accounted for analytically without considering the
precise dynamics of the decay products. From the equation follows that
the amount of heating highly depends on the energy density ratio of the
sterile neutrinos and photons, so non-relativistic particles won’t affect the
expansion rate significantly.
ρN
ργ
∼ mnN
ργ
=
m
(mT
2pi
) 3
2
2pi2
30 T
4
e−
m
T e−ΓN t
The decrease in the sterile neutrinos density due to decays depends
only on the time it took the Universe to cool down to the temperature T:
t =
M∗pl
2T2
So, the final temperature correction is determined by the equation:
T˙
T
=
1
200
ΓN
(m
T
) 5
2 e−
m
T−
ΓN M
∗
pl
2T2 − H
The relative size of the correction due to non-relativistic sterile neutri-
nos turns out to be insignificant at any moment (figure 3.7)
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Summary
Above, we briefly reviewed the theory of primordial nucleosynthesis and
sterile neutrinos and discussed some a bit more deep topics relevant to our
work.
This project investigates the influence of heavy sterile neutrinos on the
primordial nucleosynthesis by numerically solving the set of equations
governing the thermodynamical and kinetic variables of the Early Uni-
verse. These solutions then can be used to determine the primordial abun-
dances using a modified version of one of the existing nucleosynthesis
codes ([18, 19]).
We continue the line of thought developed in the papers by Ruchayskiy,
Ivashko ([20]) and Dolgov et al. ([21–25]). These works apply more or
less similar numerical approach to investigate the effects of decoupling
of active neutrinos, constrain models with massive ντ or put the bounds
on sterile neutrino models. However, these paper concentrate almost ex-
clusively on the sterile neutrinos of the masses below the mass of pion
(mN < mpi ≈ 0.14GeV), giving at most rough estimations for the higher
masses.
The mass limitation is comes from the fact that kinematics of interac-
tions of sterile neutrino changes above the mass of pion: additional 3-
particle decay channels into leptons and hadrons open up. This compli-
cates the numerical calculation due to the peak-like contributions to the
collision integrals and particles distributions sampled on the grid.
We developed a code that reproduces the previous results (see ap-
pendix A) by other codes and also implements a way to include 3-particle
interactions to the simulation. Our code can be considered an indepen-
dent confirmation of those results, as it uses different numerical methods
(D) and does not share any codebase with other projects.
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Moreover, we verified the existing analytical results (see appendix C)
and found a discrepancy with the results of 2 papers: [26, 27] in the value
of partial decay width for the sterile neutrino into ρ-meson states.
Although our code is ready to produce results for the abundances of
primordial elements in the desired mass range, we leave this for the fu-
ture work, because the careful cross-checking and interpretation of them
is required alongside the creation of new ways to test the correctness of
the simulation.
The source code is subjected to change; the last version can be found
at Github (https://github.com/ckald/pyBBN/) together with generated
documentation website (http://ckald.github.io/pyBBN/).
24
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AppendixA
Numerical tests
A.1 Effects of decoupling
A.1.1 Effective temperature of neutrinos
As the Universe cools down to the temperatures below electron mass, elec-
trons an positrons annihilate into photons, effectively increasing the en-
tropy of the plasma. The basic estimate comes from the law of entropy
conservation:
g∗(T)(a · T)3 = const (A.1)
a1 · T1
a0 · T0 =
(
g∗(T1)
g∗(T0)
) 1
3
=
(
2+ 78 · 2 · 2
2
) 1
3
=
(
11
4
) 1
3 ≈ 1.401019 (A.2)
where g∗ is the effective number degrees of freedom.
The effective temperature of Cosmic Neutrino Background is smaller
than CMB temperature by the same ratio.
The values obtained by our code is 1.401014, giving the maximal accu-
racy up to 3.57 · 10−4% in the simplest equilibrium model (figure A.1)
A.1.2 Spectrum of Cosmic Neutrino Background
Decoupling relativistic particles preserve thermal distribution unless they
are influenced by other non-equilibrium species or there is a transition
in the primordial plasma. Electron-positron annihilation happens shortly
after the freeze-out of weak interaction, so neutrons and neutrinos are sub-
jected to this effect. Moreover, the matrix elements of weak interaction are
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Figure A.1: Evolution of Tγ/Tν ratio during the electron-positron annihilation
momentum dependent, meaning that more energetic particles decouple
later with different thermodynamical parameters. A.2
A.2 Heavy sterile Dirac neutrino
Similarly to [20], this test is primary oriented on verification of the validity
of numerics at the stages when the distribution of sterile neutrino becomes
highly non-relativistic. On the figure A.3 we see perfect agreement with
the work of Ruchayskiy, Ivashko – as one would expect, the energy den-
sity of heavy sterile neutrino converges to the non-relativistic value. The
plotted function was inferred from the figures 1− 2 in [25] and computed
directly in other 2 cases.
A.3 Kinetic equilibration tests
Thermodynamical description of physical systems is a great simplification
emerging from statistical properties of more fundamental kinetic equa-
tions. This means that proper kinetic modeling of the system in equilib-
rium should also reproduce the thermodynamical observables. To test our
code against this, we simulate the regular plasma without sterile neutri-
nos in the temperature range when the weak interactions are still in the
equilibrium. Comparing the resulting distribution with the equilibrium
one we determine the accuracy of the simulation.
We find an excellent stability of the code up to the numerical preci-
sion ∼ 10−12 in the temperature range of 10 . . . 50 MeV without the need
28
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Figure A.2: Relative non-equilibrium corrections to the active neutrinos spectrum
due to the weak interactions freeze-out and electron-positron annihilation.
Top: no neutrino oscillations.
Bottom: neutrino oscillations with θ13 = 0
to decrease the time integration step or increase the resolution of the mo-
mentum grid. This fact is very significant due to the sharp dependence
of the Fermi interaction rate on the temperature Γ ∝ T5 and additionally
validates our results at lower temperatures.
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Figure A.3: Ratio ρs/ns Ms as function of scale factor for Ms = 33.9 MeV sterile
neutrino compared to the papers [20, 25]
30
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AppendixB
Collision integrals
Boltzmann kinetic equations describe the evolution of the distribution func-
tion of the particle specie and, in principle, contain terms corresponding
to all of its interactions.
∂ f (p)
∂t
= ∑
reactions
Icoll(t, p) (B.1)
In the context of primordial nucleosynthesis and weak interactions only
3-particle and 4-particle reactions are relevant due to the small interaction
rates.
The topic of computation of four-particle collision integrals for Fermi-
like interactions was thoroughly covered in [22], so we will not repeat it
here.
Three-particle collision integral
Icoll(t, p1) =
1
2E1
∫ d3p2
(2pi)32E2
d3p3
(2pi)32E3
S|M|2F ({ fα})(2pi)4δ4(p1− p2− p3)
(B.2)
In the following, we will assume that the matrix element of the reaction
is constant. This follows from the fact that the decaying particle has to
be massive and that the decay rate in the rest frame cannot depend on
anything but particle mass. Matrix element is a Lorentz scalar, so its value
in any reference frame has to be equal to the rest frame value. Which is
constant.
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Icoll(t, p1) =
S|M|2
32pi2E1
∫ d3p2
E2
d3p3
E3
F ({ fα})δ4(p1 − p2 − p3)
=
S|M|2
32pi2E1
∫ p22dp2
E2
p23dp3
E3
dΩ2dΩ3F ({ fα})δ3(p1−p2−p3)δ(E1−E2−E3)
(B.3)
We can get rid of the remaining delta-functions using their integral rep-
resentation:
δ3(p) =
∫ l2dl
(2pi)3
dΩleıl·p (B.4)
Icoll(t, p1) = − S|M|
2
(2pi)28E1
∫ p22dp2
E2
p23dp3
E3
l2dlF ( fα)δ(E1 − E2 − E3)∫
d cos θ2e−ıp2l cos θ2
∫
d cos θ3e−ıp3l cos θ3
∫
d cos θleıp1l cos θl (B.5)
As the distributions are functions of energy only, the above expression
is significantly simplified:
∫
d cos θe±ıpl cos θ = −2sin pl
pl
(B.6)
Icoll(t, p1) =
S|M|2
4pi2E1p1
∫ p2dp2
E2
p3dp3
E3
F ( fα)
δ(E1 − E2 − E3)
∫ dl
l
sin p1l sin p2l sin p3l (B.7)
The integral over l boils down to
∫ dl
l
sin p1l sin p2l sin p3l = −pi8 (Sgn(p1 + p2 + p3) + Sgn(p1− p2− p3)
− Sgn(p1 + p2 − p3)− Sgn(p1 − p2 + p3))
=
pi
4
for kinematicaly allowed configurations of momenta (B.8)
32
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The last condition can be expressed as a triangle rule: a({p}) = ⋂ijk(pi +
pj > pk).
Finally, applying the delta function
Icoll(t, p1) =
S|M|2
16piE1p1
∫ p2dp2
E2
F ( fα) θ(E3 −m3) a({p}) (B.9)
As we see, the Boltzmann integral simplified to a single integration
over the momenta of one of the particles. From the kinematical point of
view, reaction 1 → 2 + 3 has single free parameter – the scattering angle
of one of the decay products. Averaging over it can be expressed as an
integration that we indeed obtained.
In the case of decays of non-relativistic particle, the momenta of the
decay products are fixed, meaning that the collision integral for them will
have a peak-like form centered around that momenta. The subsequent
integration of the Boltzmann equation over some fixed can produce sig-
nificant errors if the position of the peak does not coincide with some of
the grid points.
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AppendixC
Computation of matrix elements
Correct expressions for matrix elements corresponding to particle reac-
tions are extremely important for any particle physics research. But com-
putation of them is a routine and repetitive task, very much prone to mis-
takes. Many articles contain comparison of calculated matrix elements by
different scientists, frequently containing minor mistakes (we believe that
we have found one in papers [26, 27]).
There exist successful approaches to automation of this task like Feyn-
Calc (also including the generation of all possible reactions from the given
Lagrangian), but they cover only the Standard Model by default and re-
quire attentive work to include also SM extensions like sterile neutrinos.
Also, working in the lowest order approximation, all the interactions are
immediately seen, so one requires assistance only in computation of fermionic
traces.
To avoid mistakes due to the human factor and also the confusion of
extending third-party packages, we implemented a semi-automated way
to compute matrix elements, based on the following algorithm:
• write down the expression for the matrix element, square it, average
over polarizations and separate the constant multipliers
• feed the remaining trace expression into a Wolfram Mathematica
notebook that evaluates traces and simplifies the result using vector
algebra operations
The notebook contains the functional definitions of simple tensors (vec-
tors, metric and Levi-Civita tensors), Clifford algebra of gamma-matrices,
non-commutative multiplication and trace operation in terms of computer
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algebra. These definitions together with a simple algorithm of gamma ma-
trices traces evaluation are enough to calculate tree-level matrix elements
we encountered in this project.
Trace evaluation algorithm
Many effective techniques exist developed to evaluate traces by hand,
but only a handful of operations are really essential to obtain the result.
Straightforward application of them tends to produce verbose expressions
full of vector indexes that can be iteratively simplified. Naturally, com-
puter algebra systems easily outperform humans in this task. The men-
tioned necessary operations are:
• separation of terms and factoring out of the constants using linearity
of certain expressions
• Clifford algebra operations on the gamma matrices
• evaluation of few simple expressions like trace of 2 gamma matrices
or a square of a metric tensor
To evaluate any fermionic trace we use the following algorithm:
• for a given expression, expand all braces and determine all traces to
be evaluated
• using the linearity of trace, expand all braces in it’s argument
Tr[aA + bB]→ aTr[A] + bTr[B]
• for the remaining traces, anticommute all the occurrences of γ5 to
the rightmost position, performing obvious simplifications along the
way
γ5 · γα → −γα · γ5 (C.1)
γα · γα → 4 · 11 (C.2)
γ5 · γ5 → 11 (C.3)
at this point all trace expressions contain at most 1 γ5 matrix
36
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• substitute all occurrences of γ5 by it’s representation
γ5 → ı4!e
αβµνγαγβγµγν
• for a given trace, anticommute the leftmost γ-matrix to the right-
most position and roll it over in the original place using trace’s cyclic
property
Tr
[
γ · γ · . . .
]
→ Tr
[
γ · γ · . . .
]
→ Tr
[
. . . · γ
]
→ Tr
[
γ · . . .
]
(C.4)
this produces an identical statement that represents the given trace
through a polynomial in metric tensors
• simplify the whole expression using vector algebra operations
To demonstrate this, let’s take one of the traces computed below in this
section – charged channel reaction N + l+ → u + d (C.50):
Figure C.1: Example calculation of the complicated trace expression, yielding
16 m2N(pl · pd)(pu · pN)
For unambiguous input, one has to point out, which symbols should
be treated as momentum vectors (DeclareVariables) instead of vector in-
dexes and which are the constants that can be safely factored out from the
trace (NumericQ). Additionally, matrix multiplications should be typed
in using the ”·” symbol (\[CenterDot], Esc.Esc shortcut) due to the lack of
support for non-commutative multiplication in Mathematica by default.
This exercise in computer algebra helped us to verify matrix elements
calculations and, hopefully, provide more robust results. The Mathematica
notebook can be found at the documentation website of the code: http:
//ckald.github.io/pyBBN/GammaTraces.nb.
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H pi+ K+ D+ Ds B+ Bs Bc η η′
fH, MeV 130 159.8 222.6 280.1 190 230 480 1.2 fpi −0.45 fpi
mH, MeV 139.6 493.7 1869.61 1968.30 5279.26 5366.77 6275.6 547.86 957.78
VH Vud Vus Vcd Vcs Vub Vus Vcb
Figure C.2: Summary of scalar mesons parameters
C.1 Majorana and Dirac case
Although Majorana fermions in principle have individual Feynman rules
and properties of solutions, it is possible to show that computation of a
diagram with one Majorana neutrino boils down to
|MN|2 = |θ|
2
2
|Mν|2
where 12 comes from the averaging over Majorana neutrino’s polariza-
tions (left/right helicity). Due to this computation of matrix elements for
both Dirac and Majorana case is the same, but for total widths of Majorana
particle processes one has to account also for charge conjugated reactions,
multiplying by 2 (which we will skip in the following).
C.2 Interactions with scalar mesons
According to the quark model, mesons are bound states formed by quark
pairs and gluons. In practice this means that quark quantum states inside
mesons are deformed and one cannot directly apply the Feynman calcu-
lus. However, in case of electroweak interactions, only the quarks carry
the corresponding quantum numbers and the influence of gluons can be
factored out using experimental data.
This section is focused on pi-mesons, but results for Kaons, η, η′, D-
and B-mesons can be obtained by substitution of mpi, fpi and mpi:
C.2.1 Phenomenological model
According to experimental evidence, pi-mesons constitute a pseudoscalar
triplet. Simplest possible interactions for a pion with fermionic current
then have to be of the form
gJ±(0)µ Fµ + g′ fγ5pi f (C.5)
38
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Figure C.3: Pion decay through the charged current
The latter interaction is not realized in nature for interactions with lep-
tons and quarks (proven by experiments and can be explained from theo-
retical point of view by Goldstone boson-like origin of the pions).
Fµ is referred to as the ”pion form-factor”. It’s precise form can be
reconstructed by recalling that for a spin-0 particle the only associated 4-
vector is it’s momentum. Moreover, multiplier of this vector has to be
a Lorentz scalar, thus depending only on the p2 = m2pi. However, this
multiplier can differ for neutral and charged pions.
Fµ = f±pµ (C.6)
The similar approach can be applied to other scalar particles (Kaons, η,
η′, D- and B-mesons).
C.2.2 Gauge bosons interactions
According to the phenomenological model, pi-mesons is gradiently cou-
pled to SM currents, thus we assume that this interaction has a form anal-
ogous to the regular current interactions. In particular, we can apply Feyn-
man rules for quarks and fix the renormalization due to gluons using the
observed lifetime of the meson.
Direct interaction of the pion states with bosons is considered to be
∆LpiW = g
2
√
2
fpi|Vud|(∂µpi)W†µ + h.c. (C.7)
∆LpiZ = g2 cos θW f0(∂µpi
0)Zµ =
g′
2
√
2
fpi(∂µpi0)Zµ (C.8)
With g = g′ cos θW , fpi =
√
2 f0 ≈ 130 MeV.
Relation between f± and f0 can be related to the fact that precise quark
composition of the pi0 is 1√
2
(uu + dd).
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To backup this statement, we will give a rough estimation of fpi from
the decay width of pi+.
ıM =
(
ν
g√
2
γµPLµ
)
gµν
M2W
(
g
2
√
2
fpi|Vud|piν
)
(C.9)
|M|2 = 2G2F|Vud|2 f 2pi Tr [νpiµpiPL] (C.10)
= 2G2F|Vud|2 f 2pi m2pim2µ
(
1− m
2
µ
m2pi
)
(C.11)
Γ(pi+ → µ+νµ) = |M|
2
8pi
m2pi
2m3pi
(
1− m
2
µ
m2pi
)
(C.12)
=
G2F|Vud|2 f 2pi
8pi
mpim2µ
(
1− m
2
µ
m2pi
)2
(C.13)
≈ 2.53 · 10−14 MeV · Br(pi+ → µ+νµ) (C.14)
The branching ratio of this reaction is extremely close to unity (99.9877%).
f 2pi =
Γ
G2F
8pi |Vud|2mpim2µ
(
1− m2µ
m2pi
)2 ≈ (138.88 MeV)2 (C.15)
Which is reasonably close to the value of fpi ≈ 130 MeV used in litera-
ture, proving the consistency of the chosen Feynman rules.
C.2.3 Matrix elements
N → pi0 + να (C.16)
να + N → pi0 (C.17)
N → pi+ + l− (C.18)
l+ + N → pi+ (C.19)
We will concentrate on computation of the first diagram and will get to
the others by a series of substitutions. In the following, ν spinor represents
the lepton and N is a sterile neutrino.
40
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ıM =
(
ν(k)γµ
−ıg′
2
PL
ı
p
MDN(p)
) −ıgµν
M2Z
(
g′
2
√
2
fpipiν
)
= (C.20)
= −ıGF MD fpiν(k)piPL pp2 N(p) (C.21)
= −ı GF MD fpi
m2N
ν(k)piPLpN(p) (C.22)
|M|2 = G
2
F M
2
D f
2
pi
m4N
(ν(k)piPLpN(p))
(
N(p)pPRpiν(k)
)
(C.23)
=
G2F M
2
D f
2
pi
m4N
Tr
[
ννpiPLpNNpPRpi
]
(C.24)
Averaging by sterile neutrino polarizations and summing by neutrino’s:
|M|2 = G
2
F M
2
D f
2
pi
2m4N
Tr [(k±ml)piPLp(p±mN)pPRpi] (C.25)
The ±mN sign comes from the spin sum for Majorana fermion that
is not defined in the regular lepton current-conserving Feynman rules.
Fortunately, chirality projectors automatically remove the constant term
of that spin sum, allowing us to treat Majorana fermions on the same
grounds as Dirac ones.
The sign in the lepton spin sum depends on the side, where this particle
occurs in the reaction. For the outgoing lepton it will be + and − for
incoming antilepton. However, lepton mass occurs only in a term with an
odd number of gamma matrices in a trace – hence, it vanishes.
Reaction kinematics
p2 = m2N
(p · k) = 12(m2N + m2l −m2pi)
(p · pi) = 12(m2N −m2l + m2pi)
(C.26)
Trace computation
As the trace expression is the same between both diagrams, we will com-
pute it in assumption ml 6= 0
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Tr = m2NTr [kpiPLppi] = m
4
N(m
2
N −m2pi)−m2l m2N(2m2N + m2pi −m2l )
(C.27)
Neutral current and neutrino scattering
Putting that back to the squared amplitude with ml = 0
|M|2 = 1
2
G2F M
2
D f
2
pi(m
2
N −m2pi) =
1
2
G2Fθ
2 f 2pim
4
N
(
1− m
2
pi
m2N
)
(C.28)
Γ =
|M|2
8pi
1
2mN
(
1− m
2
pi
m2N
)
=
θ2
32pi
G2F f
2
pim
3
N
(
1− m
2
pi
m2N
)2
(C.29)
Charged current and lepton scattering
For the diagrams with charged leptons we need to include the mass of the
lepton, multiply the squared matrix element by 2|Vud|2 to account for the
difference in the couplings of Z/W and charged current of quarks.
|M|2 = G2Fθ2|Vud|2 f 2pim4N
(1− m2l
m2N
)2
− m
2
pi
m2N
(
1+
m2l
m2N
) (C.30)
Γ =
θ2
16pi
G2F f
2
pim
3
N
(1− m2l
m2N
)2
− m
2
pi
m2N
(
1+
m2l
m2N
) (C.31)
√√√√(1− (mpi −ml)2
m2N
)(
1− (mpi + ml)
2
m2N
)
(C.32)
C.3 Interactions with vector mesons
In this section we present a calculation of the widths for vector meson
channels of sterile neutrino. Our results differ from Gorbunov-Shaposhnikov:2007,
because of the different value for ρ-meson coupling constant fρ. Therefore,
42
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we also present a computation of fρ from τ-lepton decays to support our
result.
Similarly to the scalar boson we infer that the interaction Lagrangian
for ρ-meson is
∆Lρ =
(
g
2
√
2
|Vud| fρW†µρµ + h.c.
)
+
g
2
√
2 cos θW
fρZµρ0µ (C.33)
Constant fρ can be determined from branching ratio of τ-lepton decay
τ− → pi−pi0 ντ. From PDG2014 [28] we see that this process is dominated
by ρ(770) resonance with up to 1.2% accuracy, so we will neglect other
channels.
C.3.1 ρ-meson coupling constant
In the following computations we neglect the finite width of ρ-meson (Γρ =
0.15 GeV) compared to its mass (Mρ = 0.78 GeV).
The matrix element of τ− → ντ + ρ− is
M = i
(
ν
g√
2
γµPLτ
)
gµν
m2W
(
g
2
√
2
Vud fρeν(q)
)
(C.34)
Averaging over the polarizations of the decaying particle,
|M|2 = G2F|Vud|2 f 2ρ
m4τ
m2ρ
(
1− m
2
ρ
m2τ
)(
1+ 2
m2ρ
m2τ
)
(C.35)
Γ =
|M|2
16pi
m2τ −m2ρ
m3τ
=
G2F|Vud|2 f 2ρ
16pi
m3τ
m2ρ
(
1− m
2
ρ
m2τ
)2(
1+ 2
m2ρ
m2τ
)
(C.36)
From PDG [28]
Γ(τ → ντ ρ) = Br(τ → ντ ρ)
ττ
= 5.8× 10−13 GeV. (C.37)
Then
fρ = 0.172 GeV2. (C.38)
An alternative way to determine the fρ is presented in Okun’s book
(Okun, L. B. (1982). Leptons and quarks). Instead of branching ratios
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data, it relies on the leptonic decay of ρ (ρ → e+e−) or electron-positron
annihilation cross-section (e+e− → 2pi). In the first case the prediction for
fρ is fρ(ρ → e+e−) = 0.163 GeV2, for the second – fρ(e+e− → 2pi) =
0.154 GeV2. Unfortunately there is no explanation on how the second
result was obtained, but if we update the first case with the recent value
of Γ(ρ → e+e−) = 7.04± 0.06 keV, f ′ρ(ρ → e+e−) = 0.169 GeV2 which is
very close to our estimation.
C.3.2 Decay widths into ρ-mesons
Expression for Γ(τ → ντρ) (C.36) has a similar form as Γ(N → ντρ). There
is a difference in couplings of W/Z though, so:
Γ(τ → ντρ) = 2Γ(N → ντρ) with mN → mτ, |Vud| → 1
The computation of matrix elements with vector mesons is quite sim-
ilar to the one with scalar mesons, except for the need to sum over the
polarizations of ρ:
∑
µν
eµe
∗
ν = −gµν +
pµpν
m2
(C.39)
In Eq. (A20) of the reference [27] there is similar computation τ decay
that is aligned with notation in [26], but the factor 1−m2ρ/m2τ is missing in
the denominator of the RHS. We see that our constant relates to gρ by:
fρ =
√
2gρ
Our estimate of gρ is 0.122. Because of the missing factor, the value
in [27] is different: 0.122 GeV2 ·
√
1−m2ρ/m2τ = 0.109 GeV2. The differ-
ence between 0.109 GeV2 and 0.102 GeV2 is probably due to the updated
experimental input.
The value of gρ = 0.122 GeV2 is different from the constant gρ =
0.102 GeV2 used in the paper by Gorbunov and Shaposhnikov. We ob-
tain exactly the same expressions for decay widths, so we conclude that
there is an error in [27] and, consecutively, in [26].
Here is the summary of values:
44
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Source fρ, GeV2 gρ, GeV2 δgρ, %
Our result 0.172 0.122
Okun+PDG2014, (ρ→ e+e−) 0.169 0.119 −2.46%
Okun, (e+e− → 2pi) 0.154 0.109 −10.65%
Johnson:1997cj 0.144 0.102 −16.39%
Different values of constant make up to∼ 30− 40% difference in decay
widths.
C.4 Interactions with quarks
At the temperatures above the QCD transition, plasma contains individ-
ual quarks instead of hadrons and decoupling spectrum needs to be deter-
mined using the interactions with quarks.
C.4.1 Neutral channel reaction
N + ν→ q + q (C.40)
ıM =
(
νγµ
−ıg′
2
PL
ıMD
 N
N
) −ıgµν
M2Z
(−ıg′) (q−γν(vq − aqγ5)q+) (C.41)
where the momenta of particles and corresponding spinors are de-
noted by the particle symbols: ν, N, q±
|M|2 = 8G2F
|θ|2
m2N
Tr
[
 N( N ±mN) NPRγννγµPL
]
Tr
[
(q− −mq)γµ(vq − aqγ5)(q+ + mq)(vu + auγ5)γν
]
(C.42)
|M|2 = 128G2F|θ|2((aq − vq)2(N · q+)(ν · q−)+
+ (aq + vq)2(N · q−)(ν · q+)−m2q(a2q − v2q)(N · ν)) (C.43)
For the upper quarks:
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|Mu(Nν→ qq)|2 = 329 G
2
F|θ|2(16 sin2 θW(N · q+)(ν · q−)
+ (3− 4 sin2 θW)2(N · q−)(ν · q+)
− 4m2q sin2 θW(−3+ 4 sin2 θW)(N · ν)) (C.44)
For the lower quarks:
|Md(Nν→ qq)|2 = 329 G
2
F|θ|2(4 sin2 θW(N · q+)(ν · q−)
+ (3− 2 sin2 θW)2(N · q−)(ν · q+)
− 2m2q sin2 θW(−3+ 2 sin2 θW)(N · ν)) (C.45)
The charge-conjugated channels expressions can be obtained by simply
swapping q± → q∓, so the total interaction amplitudes are:
|M|2 = |M(Nν→ qq)|2 + |M(Nν→ qq)|2 (C.46)
|Mu|2 = 329 G
2
F|θ|2(((3− 4 sin2 θW)2+ 16 sin2 θW)((N · q+)(ν · q−)+ (N · q−)(ν · q+))
+ 8m2q sin
2 θW(3− 4 sin2 θW)(N · ν)) (C.47)
|Md|2 = 329 G
2
F|θ|2(
((3− 2 sin2 θW)2 + 4 sin2 θW)((N · q+)(ν · q−) + (N · q−)(ν · q+))
+ 4m2q sin
2 θW(3− 2 sin2 θW)(N · ν)) (C.48)
C.4.2 Charged channel reaction
N + l+ → u + d (C.49)
ıM =
(
lγµ
−ıg√
2
PL
ıMD
 N
N
) −ıgµν
M2W
ıg|Vud|√
2
(uγνPLd) (C.50)
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where the momenta of particles denoted by the particle symbols: l, N, q±
|M(Nl+ → ud)|2 = 4G2F
|θ|2|Vud|2
m2N
Tr
[
 N( N ±mN) NPRγν( l + ml)γµPL
]
Tr
[
(u−mu)γµPL(d + md)PRγν
]
(C.51)
|M(Nl+ → ud)|2 = 64G2F|θ|2 ((d · l)(N · u)) (C.52)
Together with the charge-conjugated channel this gives:
|M|2 = 2
(
g
MW
)4
|θ|2 ((d · l)(N · u) + (u · l)(N · d))
= 64G2F|θ|2 ((d · l)(N · u) + (u · l)(N · d)) (C.53)
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AppendixD
Implementation details
The code is implemented in Python unlike the previous codes (C/C++).
Despite the deteriorated performance in comparison to the compiled pro-
grams, Python was chosen for its expressiveness. To compensate the per-
formance the code is design to use all accessible computational resources
through parallelization.
In addition to physical tests, important parts of the code like integra-
tors, interpolation routines and classes governing particles and interac-
tions are covered by a small set of unit tests that can be ran using the
”nosetests” package.
D.1 Handling of units
Units correctness is a very important sanity check of the code. In practice
not a single programming language supports this out of the box, but many
of them allow to implement more or less complete units algebra with com-
pile time or runtime verification. Unfortunately, this approach frequently
restrict the code or is too verbose and has a big runtime performance over-
head.
Fortunately, there is another very economic way to have a reasonable
control of the units. It is based on the idea that units can be treated as some
free constants. For example,
m =
E
c2
(D.1)
E = 0.511 MeV c = 3 · 108 m
s
(D.2)
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m =
0.511 MeV
9 · 1016 (ms )2 = 5.67 · 10−18
MeVs2
m2
(D.3)
Some units are related to each other:
eV
J
= 1.602 · 10−19 J = kg m
2
s2
(D.4)
m = 5.67 · 10−18 · 1.602 · 10−13 J s
2
m2
≈ 9 · 10−31kg (D.5)
To employ this idea, one can write a program in the following way:
1 class UNITS:
2 # Base units
3 eV = 1.653e-2 # arbitrary constants
4 m = 5.27e3
5 s = 6.24
6 # Derived units
7 MeV = 1e6 * eV
8 J = 6.242e18 * eV
9 kg = J * s**2 / m**2
10
11 class CONST:
12 c = 3e8 * UNITS.m / UNITS.s
13
14 energy = 0.511 * UNITS.MeV
15 electron_mass = energy / CONST.c**2
16 print "Electron mass is", electron_mass / UNITS.kg, "kg"
Figure D.1: Sample unit-preserving code in Python
Basically, some arbitrary (possibly random) constants should be as-
signed to all base units, all derived units are defined in terms of base units
and all dimensionful quantities must be created with correct unit multi-
pliers. Then, right before the output, one divides quantity by its units
constants and obtains the correct answer.
As long as units are used properly, change of the base units constants
does not affect the answer (except for corner cases of rounding errors). By
running the code twice with different definitions of base units verifies the
correctness of the code.
The advantages of this approach are:
Zero performance overhead: simple multiplication operation corresponds
to each occurrence of a unit in the code
Zero storage overhead: dimensionful quantities do not require any addi-
tional memory
50
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Full support by programming language: units are just numbers
Simplicity: no additional constructs in the code and an obvious recipe for
proper usage
On the other hand this approach is runtime-only and does not produce
any exceptions during the compilation or runs of the code.
This idea is implemented in the numericalunits (https://pypi.python.
org/pypi/numericalunits) package that we use in conjunction with sim-
pler code suitable for natural units and similar to the listing D.1 to enforce
units handling in our code.
D.2 Numerical methods
D.2.1 Differential equations solver
The code contains 2 types of differential equations: kinetic Boltzmann
equations and temperature evolution equation. Frequently, the Boltzmann
equation is stiff and require very small integration step size to avoid insta-
bility. While the previous studies relied mostly on Euler, Bulirsch-Stoer or
Runge-Kutta methods, our code is based on Adams-Bashforth explicit and
Adams-Moulton implicit linear multistep methods of the order 5.
The main benefit of these methods is that they achieve high precision
without any additional computation which results will be discarded later
(like Runge-Kutta methods)
D.2.2 Integrator
For 1D and 2D integration we used a modified Gaussian quadrature, that
includes the endpoints of the integration region – Lobatto quadrature (see,
e.g. Abramowitz, M. and Stegun, I. A. (Eds.). Handbook of Mathematical
Functions with Formulas, Graphs, and Mathematical Tables, 9th printing.
New York: Dover, pp. 888-890, 1972.). This is an important feature because
the code is designed to compute the evolution of particles in highly non-
relativistic regime when distribution function decays sharply. Our results
were computed using this quadrature of the order 30 for both 1D and 2D
integrations.
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D.2.3 Grids
Instead of the evenly-spaced grids, our code utilizes logarithmically-spaced
grids that allow us to maintain high precision in the regions of small mo-
menta and high temperatures.
Yet another type of a grid we implemented to account for 3-particle in-
teractions of sterile neutrinos. Collision integrals in this case have a peak-
like form with the known width (defined by the mean kinetic energy of the
particles). Fortunately, in the conformal coordinates that we use (y = p · a),
the width of the peak can only increase during the radiation-dominated
epoch. On the other hand, in these coordinates the peak is moving with
time.
Thus we attempt to build a grid that will always contain a given amount
of points on the scale of the peak for any position of it. Simple tests prove
this approach to be useful as it does not require much more points than in
the case of the logarithmically-spaced grid, but does not seem to underes-
timate the collision integrals. But more testing is required to formulate the
conclusion on precision of this sampling.
D.3 Code documentation
To ease the continuous work on the code, we designed an expressive docu-
mentation generator with support of Markdown-formatted comments and
LATEX-style formulas (see figure D.2)
52
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Figure D.2: Example documentation page from http://ckald.github.io/
pyBBN
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